A note on the nonsymmetric Ornstein-Uhlenbeck process in Hilbert spaces  by Fuhrman, M.
Pergamon 
Appl. Math. Lett. Vol. 8, No. 3, pp. 19-22, 1995 
CopyrightQ1995 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0893-9659(95)00023-2 0893-9659/95 $9.50 + 0.00 
A Note  on the Nonsymmetr i c  
Ornste in -Uh lenbeck  Process  in Hi lbert  Spaces 
M.  FUHRMAN 
Dipartimento di Matematica, Politecnico di Milano 
Piazza Leonardo da Vinci, 32, 20133 Milano, Italy 
(Received December 1994; accepted Yanuary 1995) 
Abst ract - -We prove smoothness ofdensities and regularizing properties of semigroups associated 
to an Ornstein-Uhlenbeck process in a Hilbert space. The process has nonsymmetric linear drift and 
a unique invariant measure. As our main tool, we use formulae for the density of two equivalent 
Gaussian measures on a Hilbert space. 
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1. INTRODUCTION 
In a real separable Hi lbert  space H,  let us introduce the Ornstein-Uhlenbeck process defined by 
// X(t,  x) = etAx + e (t-s)A dW(s), t >_ O, x e H, (1) 
under the following assumptions.  
HYPOTHESIS 1. 
(1) The operator A is the infinitesimal generator of a strongly continuous semigroup etA, t ~_ O, 
of linear operators in H satisfying ][etAl[ <_ Me -~t, t >_ O, for some M > 0 and w > O. 
(2) Q is a continuous, linear, self-adjoint, nonnegative operator in H. 
(3) Setting Qtx = f~ eSAQesA*x ds, x E H, we have supt>0 Tr Qt < co (Tr denotes the trace). 
(4) W is a cylindrical Wiener process in H. 
The stochastic integral in (1) takes values in H and is understood in the sense of Ito. For this, 
as well as for the following remarks, we refer the reader to [1] for details. The law £(X(t ,  x)) 
of X( t ,x )  is the Gaussian measure Af(etAx, Qt) with mean value etAx C H and covariance 
operator  Qt. One can also define the Ornstein-Uhlenbeck transit ion semigroup Pt by the equal i ty  
= f ¢(y)A/" (etAx, Qt) (dy), t > O, x e H, (P~¢) (x) 
H 
for every bounded measurable real-valued function ¢ on H.  
The operator  Q~x = fo  etAQetA*x dr, x C H is trace class by Hypothesis  1 and the Gaussian 
centered measure # = Af(0, Qoo) is the unique invariant measure for Pt. For every p C [1, oo), 
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Pt has a unique extension to a strongly continuous semigroup of contractions in LP(I~) (see below 
for this notation). 
We now introduce another assumption. 
HYPOTHESIS '~. 
T f ,1/2 Ime tA C lmwt  , t > O. 
Here Im denotes the image of an operator. It is known (see [1]) that Hypothesis 2 is a necessary 
and sufficient condition in order that all the laws £(X(t ,x)) ,  x 6 H, t > 0 are equivalent to #. 
In the following, we denote by qt(x, y) the Radon-Nikodym derivative 
qt(x, y) -- d£(X(t ,  x)) (y). 
d# 
It is the purpose of this note to announce some results concerning regularity of qt(x, y) and It .  
It is shown in [2-4] that the function y --~ qt(x,y) belongs to the space W1'2(#) (see below) 
even in the case of more general processes X (possibly with a nonlinear drift), but with the 
operator A being self-adjoint and commuting with Q. We consider only the linear case, but 
with general A and Q as explained above. We describe those t > 0 and x 6 H for which 
**rl,2 i qt(x, ") 6 wl '2 (~) ,  and we show that in general qt(x, .) only belongs to a smaller space rvQl,~} 
(Theorems 2-4). Further extensions to the nonlinear case are in preparation. We can also prove 
that Pt improves ummability (Theorem 5), but it is not hypercontractive in the sense of [5], 
since it is not symmetric in general. Our main tool is an explicit formula for qt(x, y) (Theorem 1) 
which follows from some general results about densities of Gaussian measures in Hilbert spaces 
(see Section 4 below) that considerably extend those in [6, Chapter VII]. 
2. NOTAT IONS AND PREL IMINARIES  
Let H be a real separable Hilbert spaces with scalar product (,) and norm [[ I[. If A is a 
continuous self-adjoint operator in H, A -1, A -1/2 are the pseudoinverses of A, A 1/2, respectively, 
(an exception to this notation are the definitions (2) and (3) below). For a nonnegative trace class 
operator Q in H, fir(m, Q) is the Gaussian measure in H with mean value m and covariance Q. 
Let T be a self-adjoint race class operator in H and let gk be an orthonormal basis of H 
such that Tgk = #kgk for some numbers #k > -1.  Then we define (cp. [6, Chapter VIII) 
det(1 + T) --- 1-[k~=l (1 + #k). The infinite product is convergent, because T is trace class. 
Let now # = Af(0, Q) be a Gaussian centered measure on H. If K is another separable real 
Hilbert space, then LP(#, K),  p 6 [1, oc), denotes the usual Banach space of borel measurable 
functions f : H --* K with norm p-summable with respect o #. We set LP(#) = Lp(#, R). 
In the following, we will make constant use of some measurable functions in H, defined almost 
everywhere with respect o p = Af(0, Q). Let {ek} be an orthonormal basis of H such that 
Qek = Akek for some Ak _> 0. Let P denote the orthogonal projection of H onto the closure of 
ImQ 1/2 in H. Suppose h 6 H and T is a Hilbert-Schmidt operator from H into K. Define 
oo 1 (x, ek/Tek, (2) To  = 
k=l ,~>0 
oo 1 <z,ek) (3) 
k=l,Ak>O 
It can be proved that, under the previous assumptions, the series (2) converges in L2(#,K) 
to a K-valued Gaussian random variable on H with law Af(O, TPT*).  Similarly, the series (3) 
converges in L2(#) to a real-valued Gaussian random variable on H with law Af(0, ][Ph[]2). 
Now assume that # = Af(0,Q) has full support. We say that ¢ : H --, 1% belongs to ~C~(H)  
(cp. with [7]) if there exist m 6 N, f 6 C~(R m) such that ¢(x) = f((x, e i ) , . . . ,  (x, era)), x 6 H, 
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where f : R m ~ R is infinitely differentiable with bounded derivatives of all orders. We define 
an operator Do setting D0¢ --- V¢, ¢ E ~C~(H) ,  where V¢(x) denotes the Frdchet derivative 
at a point x c H (that we identify with a vector of H). We consider Do as an unbounded 
operator in L2(#) with values in L2(#, H) having domain fC~(H) .  Then Do is closable (see [7, 
Section II.3]). We denote by D its closure and we define W1,2(#) as the domain of D endowed 
with the graph norm. Similarly, we can define an operator D0,Q in L2(#) with values in L2(#, H) 
setting Do,Q¢ = Q1/2V¢, ¢ E 5rC~(H),  and we denote by W~'2(#) the domain of its closure. 
Clearly, W~,2(~) c W~'2(~). 
3. MAIN  RESULTS ON THE ORNSTE IN-UHLENBECK PROCESS 
We come back to the setting of the introduction. It is known [1] that Hypotheses 1 and 2 
T ,-,1/2 ~31/2 imply that lm ~¢t = Im ~ , t > 0, and these subspaces are dense in H. Therefore, the linear 
operators Qtl/2e tA, Q~l/2etA, f~-l/2D1/2 wt ~ , are everywhere defined in H and, being closed, they 
are continuous. 
THEOREM 1. Assume that Hypotheses 1 and 2 hold. Then the laws £(X(t,  x)) x E H, t > O, are 
equivalent to # and setting A(t) = X'~t[f)--l/2f)l/2h*'~c~ j , F(t) = Qtl/2e tA, we have, for #--a.e. y E H, 
qt(x, y)= det (1 + F(t)Qo~F(t)*) 1/2 exp ( _1  HF(t)xll2 + (A(t)F(t)x, oQ~l/2(y)) 
_! [r(t)Q~r(t)* (1 + r(t)Q~r(t)*) -1]1/2 A(t)* o Q;1/2(y) 2) 
2 
Moreover, if we set O(t) = Q~I/2etAQ~(Q~I/2etA)*, then 1 -  O(t) is invertible and we have, for 
#--a .e .  y c H ,  
qt(x,y) = det(1 - O(t)) - l /2exp ( _1  (1 -O( t ) ) - l /2Q2/2etAx  2 
, ( ( l _O( t ) ) _ lQ : /2etAx ,  oQ~cl/~(y)) l [O(t)( l_O(t))_ l ] l /2oQ~l/2(y ) 2) .  
As a consequence of Theorem 1, we can obtain several results concerning regularity of qt(x, y) 
and Pt. 
THEOREM 2. Assume that Hypotheses 1 and 2 hold. Given t > 0 and x E H, the function y --~ 
qt(x, y) belongs to W1'2(#) if and only if 
etAx E Im Qc¢, Im @(t) C Im Q~2, Q~l/2e(t) is Hilbert-Schmidt. 
THEOREM 3. Assume that Hypotheses I and 2 hold and let t > O. Then the function y --* qt(x, y) 
belongs to W1'2(#) for every x E H, if and only if Ime tA C ImQ~.  
THEOREM 4. Assume that Hypotheses 1 and 2 hold. For everyt > 0 and x E H, the function y --~ 
~V1, 2 qt(x,y) belongs to Q~ (#). 
THEOREM 5. Assume that Hypotheses 1 and 2 hold. f i t  > O, p E (1, oo) and 
( 1 ) 
1 ~_ q <: 1 + (p -  1) 1 + IT(t)Q~F(t)*H ' 
then Pt can be extended to a bounded operator from LP(#) to Lq(#). 
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THEOREM 6. 
separable Hilbert space H satisfying ImQ 1/2 = Im R 1/2. 
in H onto the closure of ImQ 1/2 in H and define 
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APPENDIX  
ON DENSIT IES  OF GAUSSIAN MEASURES 
Assume Q and R are trace class, self-adjoint, nonnegative operators in a real 
Let P be the orthogonaJ projection 
A=(,-1/,QI,:)*, D=(A*A-1)P, G = (AA* - 1) P. 
Then D is a trace class and nonnegative operator on H if and only if G is such. In this case, the 
Gaussian measure Af (O, R) is absolutely continuous with respect o .N'(O, Q) and 
dAf(0,dAf(0'R)Q) (1  G1/2 ° 2) (x) --- det(1 + G) 1/2 exp - Q-1/2(x)] 
= det(1 -b D) 1/2 exp - [D(1 + D) -1] 1/2 A* o Q-1/2(x) . 
THEOREM 7. Assume Q and R are trace class, self-adjoint, nonnegative operators in a real 
separable Hilbert space H satisfying Im Q1/2 __ Im R 1/2. Assume that there exists a bounded 
linear operator A on H such that 
AQA* = Q - R, Im A C Im R 1/2. 
Then the Gaussian measure Af ( O, R) is absolutely continuous with respect to Af(0, Q) and 
dAf(0,dAf(0, Q)R) (x) = det (1 + R_I/2A Q (R_l/2A) *) U2exp ( _ 1 [R_I/2A Q (R_I/2A) * 
× (1 ~- R-1 /2AQ(R- I /2A) ' ) - I ]  1/2 (R-1/2Q I/2) oQ-1 /2(x )2) .  
If, in addition, Im Q1/2 is dense in H, then 1 - Q-1/2AQ(Q-1/2A)* is invertible and 
ddV'(0, R) (x) = dee (1 -  Q-1/2AQ (Q_I/2A)*) -1/2 ( 1 [Q_I/2A Q (Q_I/2A)* 
djV'(O, Q ) e x p  \ - 
x (I_Q-1/2AQ (Q-1/2A)*)-I]I/~oQ-1/2(x)I['). 
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